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Abstract: We propose new formulae for the two-loop n-point D-dimensional integrands of scattering
amplitudes in Yang-Mills theory and gravity. The loop integrands are written as a double-forward
limit of tree-level trivalent diagrams, and are inferred from the formalism of the two-loop scattering
equations. We discuss the relationship between the formulae for non-supersymmetric theories and the
Neveu-Schwarz sector of the formulae for maximally supersymmetric theories, which can be derived
from ambitwistor strings. An important property of the loop integrands is that they are expressed in a
representation that includes linear-type propagators. This representation exhibits a loop-level version
of the colour-kinematics duality, which follows directly from tree level via the double-forward limit.
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1 Introduction
Worldsheet techniques inspired by string theory offer an alternative to the Feynman diagram approach
for calculating scattering amplitudes in quantum field theory, in particular for theories of massless
particles. This broad programme has seen remarkable advances in recent years. Our aims are to
extend the lessons learned at tree level and one loop to two-loop amplitudes, and to interpret previous
two-loop results for maximally supersymmetric theories in a more general context, allowing for reduced
or no supersymmetry. Even though we will motivate our proposal for two-loop amplitudes from the
insights of this ‘stringy’ approach, the proposal itself will not be written in a worldsheet language. It
will instead be written in a (non-Feynman) diagrammatic language, whereby the two-loop integrands
are suitably defined double-forward limits of tree-level amplitudes.
The worldsheet techniques that inspire our work originated in Witten’s twistor string [1] describ-
ing four-dimensional super-Yang-Mills theory, and in the corresponding ‘connected prescription’ to
compute scattering amplitudes [2]. In this approach, tree-level scattering amplitudes for n massless
particles are computed as integrals over the moduli space of punctured Riemann spheres, M0,n. The
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modern version of these advances, applicable to theories of massless particles in any number of di-
mensions, was developed by Cachazo, He and Yuan (CHY) [3–5], who discovered the general type of
formulae, and by Mason and Skinner [6], who constructed the associated type of worldsheet model;
the ambitwistor string. For a variety of interesting theories in this framework, see e.g. [7, 8]. The
ambitwistor string models reproducing Yang-Mills and gravity amplitudes are supersymmetric, but
the extraction of amplitudes in non-supersymmetric theories is possible even at loop level, as we shall
discuss. For a comparison of the bosonic and supersymmetric ambitwistor strings, see [9, 10]. For
recent work on moduli-space formulae tuned to a specific number of spacetime dimensions using the
spinor-helicity framework, see [11].
The extension of these ideas beyond tree level was initially developed by studying g-loop super-
gravity integrands as integrals over the moduli space of punctured genus-g Riemann surfaces, Mg,n
[12, 13]. The technical challenges of dealing with higher-genus surfaces motivated a simpler and more
general formalism, based on nodal Riemann spheres, where the relevant moduli space is M0,n+2g for
g loops. It relates to the Mg,n-formalism via a residue theorem on the moduli space, when both
formalisms are possible [14–19]. In the nodal formalism, each node consists of a pair of punctures on
the sphere, through which the states in that ‘loop’ run. Here, we will be interested in the two-loop
case, where the bi-nodal sphere pictured below is relevant.
This line of work is closely related to conventional string theory approaches, where field theory am-
plitudes are obtained in the zero-slope limit. As examples of recent work on two-loop field theory
amplitudes from conventional string theory, see [20] for the bosonic string, or [21, 22] for the super-
string.
In this paper, we will pursue two important and closely related insights of worldsheet techniques,
studied at one loop in recent years and now extended to two loops. One is a forward-limit construction
of loop integrands, and the other is the loop-level manifestation of the colour-kinematics duality. Let
us briefly discuss these.
The n-particle one-loop integrands obtained from the nodal sphere (one node) can be explicitly
understood as a forward limit of an (n + 2)-particle tree amplitude, with the node providing two
punctures corresponding to the loop momentum, ±`µ. This interpretation is made manifest in a
new type of representation of the loop integrand, which includes non-Feynman propagators (whose
inverse is linear, not quadratic, in the loop momentum) [14, 15, 23–26]. It is not very surprising
that such an interpretation of one-loop integrands exists, since this is the lesson of the Feynman
tree theorem [27]. At two loops, we will argue that a double-forward limit construction of two-loop
integrands can be inferred from the worldsheet techniques, but is subtler for generic theories than
for (maximally) supersymmetric ones. Generically, multiplicity coefficients are required for various
diagrammatic contributions, reminiscent of those found in [28] for planar theories (although we are
not restricted to planarity here). It would be interesting to relate our construction to other recent
approaches to the forward-limit in multi-loop amplitudes, e.g., ref. [29].
The other insight we will pursue is the loop-level realisation of the ‘colour-kinematics duality’ of
Bern, Carrasco and Johansson (BCJ) [30], which has been a major tool in the study of scattering
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amplitudes in gauge theory and gravity over the past decade. It states that it is possible to write a
gauge-theory scattering amplitude in terms of trivalent diagrams, such that – apart from the prop-
agators – the kinematic dependence mirrors the (Lie) algebraic structure of the colour dependence.
Given this ‘duality,’ gravity amplitudes are obtained by substituting the colour dependence with a
second copy of the kinematic dependence. This ‘double copy’ relating gauge theory and gravity is a
diagrammatic version of the KLT relations known from string theory [31]. Like the KLT relations,
the colour-kinematics duality is associated to worldsheet monodromy relations, now in the field the-
ory limit of string theory [32]. Unlike the KLT relations, however, its diagrammatic interpretation
allows for a natural conjecture of a loop-level extension, in particular for the loop integrand [33]. This
technique, together with unitarity methods [34], has allowed for studies of the ultraviolet behaviour
of supergravity theories.
At tree level, the colour-kinematics duality is well-established, even if its algebraic origin remains
to be satisfactorily explained; see, for instance, the constructions [35–49]. The status of the loop-level
conjecture is unclear, however. At one loop, there are many examples, e.g. [50–60], but some potential
obstructions have been found [56, 61]. At higher loops, there is also plenty of supporting evidence
for the conjectured duality, e.g. [22, 33, 62–66], including the associated worldsheet monodromy
relations [67]. However, there are also known difficulties, most famously for maximal supersymmetry
at four points, five loops. In this example, the difficulties were dealt with in [68] by relaxing the
strong constraint imposed by the colour-kinematic duality, following the general prescription of [69] for
evading the Jacobi relations. Previous work on avoiding difficulties dealt with the five-point two-loop
amplitude in the absence of supersymmetry [70], which is relevant for our present analysis. Naturally,
there is a computational price to pay for relaxing the colour-kinematics duality, and it remains to be
established what is the most appropriate loop-level extension of this very useful property of gauge
theory and gravity.
We will build on work at one loop [18, 71], where a different version of the loop-level colour-
kinematics duality was described. This version is adapted to the type of representation of the loop
integrand that we alluded to previously, which includes non-Feynman propagators. The advantage
is that it easily takes tree-level relations into loop-integrand-level relations via the forward limit.
We will discuss here the two-loop extension of this story. Translating these results into a standard
representation of the loop integrand, directly comparable to the original colour-kinematics conjecture
[33], is an important question which we will not attempt to answer here.
Our main result is a proposal for the construction of two-loop integrands in Yang-Mills theory
and gravity, with or without supersymmetry, via a double-forward limit. We sketch the proposal here,
leaving the details for section 3. The n-point loop integrand can be expressed in terms of (n+4)-point
trivalent tree-level diagrams as
A(2)YM =
∫
dD`1 d
D`2
`21 `
2
2
∑
a∈Γ(2)n+4
N
(2)
a c
(2)
a
ρaDa
, A(2)grav =
∫
dD`1 d
D`2
`21 `
2
2
∑
a∈Γ(2)n+4
N
(2)
a N˜
(2)
a
ρaDa
. (1.1)
The colour factors c
(2)
a are obtained from the tree-level ones by ‘gluing’ the colour indices in each of
the two nodes,
c(2)a = δ
a1+a1− δa2+a2− c(0)a . (1.2)
Likewise, the kinematic numerators are obtained from tree-level BCJ kinematic numerators,
N (2)a =
∑
r1,r2
N (0)a . (1.3)
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The sum is over polarisation states in the two nodes, and is implemented via completeness relations.
The propagator sets 1/Da are the ones appropriate for the loop-integrand representation used here.
The numerical coefficients ρa represent the multiplicity of standard two-loop diagrams in terms of the
tree-level diagrams of our representation. Finally, the set of diagrams Γ
(2)
n+4 excludes those diagrams
which are divergent in the double-forward limit. Notice that we do not sketch here versions of these
formulae where the two-loop integrands are expressed as integrals over the moduli space M0,n+4,
analogous to the (maximally) supersymmetric formulae presented in [19]. It turns out that the picture
of the bi-nodal sphere is not realised straightforwardly for generic theories.
This paper is organised as follows. In section 2, we review previous work at tree level, one loop and
two loops, which motivates our construction, presented in section 3. In section 4, we discuss the relation
of our proposal to previous results obtained from ambitwistor string theory, in the supersymmetric
case. We provide an illustration of our representation of the loop integrand in section 5, with simple
checks for a non-supersymmetric amplitude. Section 6 is a brief discussion of the results and of future
directions.
2 Review
In this section, we start by reviewing the Cachazo-He-Yuan (CHY) formulae for tree-level scattering
amplitudes in Yang-Mills theory and gravity, and their connection to the Bern-Carrasco-Johansson
(BCJ) colour-kinematics duality. We then review the analogous construction for one-loop integrands,
with an eye to its extension to two loops. Finally, we review the two-loop scattering equations.
2.1 Tree level
Amplitudes from the scattering equations. The CHY formalism [3–5] expresses tree-level scat-
tering amplitudes for n massless particles in D dimensions as integrals over the moduli space of a
punctured Riemann sphere, M0,n. For null external momenta ki, with i = 1, . . . , n, the amplitudes
are written as
A(0)n =
∫
M0,n
dµ(0)n I(0) , dµ(0)n ≡
dnσ
vol SL(2,C)
∏
i
′ δ
(∑
j 6=i
ki · kj
σij
)
, (2.1)
with σi ∈ CP1 and σij = σi − σj . We use the superscript (0) to denote tree level. The formalism is
applicable to any theory of massless particles, and the measure dµ
(0)
n is universal.1
Let us first consider the measure in detail. The moduli spaceM0,n is parametrised by {σ1, · · · , σn}
up to an SL(2,C) transformation of the σi, so that dimC(M0,n) = n − 3. An explicit expression for
the measure is given by fixing three of the punctures, say for i = r, s, t, and excluding three (non-
independent) delta functions, say for i = r′, s′, t′, so that
dµ(0)n = σrsσstσtr
( ∏
i6=r,s,t
dσi
)
σr′s′σs′t′σt′r′
∏
i 6=r′,s′,t′
δ
(∑
j 6=i
ki · kj
σij
)
. (2.2)
1‘Universal’ here means that any massless theory can be written in the form (2.1), where the integrand I(0) only
depends on the kinematic data polynomially.
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The measure therefore fully localises the moduli space integral onto the solutions of the so-called
scattering equations,
E
(0)
i ≡
∑
j 6=i
ki · kj
σij
= 0 . (2.3)
Only n− 3 of the equations are linearly independent, and there exist (n− 3)! solutions up to SL(2,C)
transformations. The scattering equations can be associated to a null condition,
P 2(σ) = 0 , where Pµ(σ) = dσ
n∑
i=1
kµi
σ − σi . (2.4)
In particular, P 2 vanishes on CP1 if and only if it has no poles, and ResσiP
2 = dσi 2E
(0)
i .
While the CHY measure is universal, the CHY integrand I(0) is theory-specific; see [7] for various
examples. Here, we are mostly interested in the original CHY examples of Yang-Mills theory and
gravity,
I(0)YM = I(0)kin I(0)SU(Nc) , I(0)grav = I
(0)
kin I˜(0)kin , (2.5)
for which we need two building blocks, one related to the colour dependence, I(0)SU(Nc), and another re-
lated to the external kinematic data, I(0)kin. The ‘Parke-Taylor factor’ carrying the Lie algebra structure
is
I(0)SU(Nc)({ai, σi}) =
∑
ρ∈Sn/Zn
tr
(
T ρ(a1)T ρ(a2) · · ·T ρ(an))
σρ(a1)ρ(a2)σρ(a2)ρ(a3) · · ·σρ(an)ρ(a1)
, (2.6)
where the ai are the Lie algebra indices of the external gluons, and the sum is over non-cyclic permu-
tations. The kinematic factor is the ‘CHY reduced Pfaffian’,
I(0)kin({i, ki, σi}) = Pf ′(M) ≡
(−1)iˆ+jˆ
σiˆjˆ
Pf
(
M iˆjˆ
iˆjˆ
)
. (2.7)
Here, M is a 2n×2n antisymmetric matrix defined in terms of the momenta ki, the polarisation vectors
i and the marked points σi as
M =
(
A −CT
C B
)
, (2.8a)
Aij =
ki · kj
σij
, Bij =
i · j
σij
, Cij =
i · kj
σij
, (2.8b)
Aii = 0 , Bii = 0 , Cii = −
∑
j 6=i
Cij . (2.8c)
If the σi satisfy the scattering equations (2.3), then M has co-rank two,
2 and therefore Pf (M) = 0.
The reduced Pfaffian Pf ′(M) is defined by removing any two rows and columns iˆ and jˆ such that
1 ≤ iˆ < jˆ ≤ n. If the σi satisfy the scattering equations, then Pf ′(M) is independent of the choice of iˆ
and jˆ. Remarkably, it is also gauge invariant, so that this important property is manifest in the CHY
formulae.
2Its kernel is spanned by the vectors (1, · · · , 1, 0, · · · , 0) and (σ1, · · · , σn, 0, · · · , 0).
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The CHY integrand for gravity, I(0)grav, has a factor I(0)kin and a factor I˜(0)kin = I(0)kin(i → ˜i). The
sets of polarisation vectors µi and ˜
µ
i make up the set of polarisation tensors ε
µν
i = 
µ
i ˜
ν
i of the
external states. States of this type form a basis for the (generically non-factorisable) states of NS-NS
gravity, describing Einstein gravity coupled to a dilaton and a (2-form) B-field.3 The restriction to
pure Einstein gravity, i.e., only gravitons, is achieved by choosing appropriate symmetric and traceless
polarisation tensors. At loop level, the additional states will also run in the loops, but we will discuss
below how they can be projected out.
Trivalent diagrams and colour-kinematics duality. The elegant symmetry exhibited in (2.5)
between colour and kinematics, and between Yang-Mills theory and gravity, is reminiscent of the BCJ
colour-kinematics duality [30], and also of the older Kawai-Lewellen-Tye relations [31]. We will see in
the following how to relate the CHY formulae to the colour-kinematics duality.
There is a natural procedure to translate CHY formulae into trivalent Feynman-like diagrams,
which also allows us to avoid solving the scattering equations explicitly. To start with, we can use an
old result [72] to write
I(0)SU(Nc) =
∑
ρ∈Sn−2
c
(
1, ρ(2, · · · , n− 1), n)
σ1ρ(2) σρ(2)ρ(3) · · ·σρ(n−1)n σn1 , (2.9)
where instead of the colour traces of (2.9) we employ colour factors,
c
(
1, ρ(2, · · · , n− 1), n) = fa1aρ(2)b1 f b1aρ(3)b2 · · · f bn−3aρ(n−1)an , with [T a, T b] = fabcT c .
These colour factors are associated to the ‘half-ladder’ diagrams pictured in fig. 1. They can be taken
as the master diagrams, since the colour factor of any other trivalent diagram can be obtained from
the colour factors of the master diagrams using the Jacobi identity for the Lie algebra of SU(Nc). We
give a basic example in fig. 2.
1 n
ρ(2) ρ(3) ρ(n− 1)
Figure 1: The tree-level BCJ master diagrams are half-ladder diagrams with fixed endpoints, which
we choose to be legs 1 and n.
There is an analogous decomposition of the CHY kinematic factor [5].4 The reduced Pfaffian (2.7)
can be re-expressed as follows if the σi satisfy the scattering equations,
E
(0)
i = 0 ⇒ I(0)kin =
∑
ρ∈Sn−2
N
(
1, ρ(2, · · · , n− 1), n)
σ1ρ(2) σρ(2)ρ(3) · · ·σρ(n−1)n σn1 . (2.10)
3The name NS-NS gravity originates in string theory, where this is the low-energy effective theory for the massless
level of the closed string – in particular, when both left and right movers are in the Neveu-Schwarz (NS) sector.
4This decomposition follows from the property of ‘KLT orthogonality’ [3, 73]. An entirely analogous decomposition
was previously found in open superstring amplitudes in the pure spinor formalism [74], and the relation to the colour-
kinematics duality was presented in [37]. See [10, 75, 76] for some recent work on this connection between moduli-space
integrands in string theory and in field theory.
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1 4
2 3
−
1 4
3 2
=
1 4
2 3
Figure 2: Example at 4 points of how a diagram relates to master diagrams via Jacobi relations.
This equation applies to the colour factors of the diagrams. We shall see that it applies also to their
kinematic BCJ numerators.
The kinematic numerators N(·) depend only on the Lorentz invariants ki ·kj , i ·kj and i · j , i.e., not
on the σi. The numerators appearing in this formula are associated to master diagrams, as in fig. 1.
Numerators for all other trivalent diagrams are defined via Jacobi-type relations that precisely mirror
the Jacobi identities involving colour factors. In the basic example of fig. 2, the equation applies to the
kinematic numerators by construction, as well as to the colour factors. Notice that the decomposition
(2.10) is non-unique. Of particular interest are sets of local numerators, i.e., numerators that are
polynomial in the Lorentz invariants. A useful explicit algorithm to obtain sets of local numerators
from the reduced Pfaffian was presented in [77].
With colour factors and kinematic numerators for all trivalent diagrams, the Yang-Mills amplitude
can be written as
A(0)YM =
∫
M0,n
dµ(0)n I(0)kin I(0)SU(Nc) =
∑
a∈Γn
Na ca
Da
, (2.11)
where Γn denotes the set of trivalent n-point diagrams. The 1/Da denote scalar propagator factors for
each diagram, that is, 1/K2 per internal leg if K is the momentum flowing through it. We stress that
the kinematic numerators defined as above satisfy the same algebraic relations as the colour factors,
in particular the same Jacobi-type relations,
ca ± cb ± cc = 0 ←→ Na ±Nb ±Nc = 0 . (2.12)
The fact that such a representation of the Yang-Mills amplitude is possible is known as the colour-
kinematics duality or BCJ duality [30]. Kinematic numerators satisfying the same algebraic properties
as the colour factors, in particular (2.12), are known as BCJ numerators.5 With these numerators in
hand, we can immediately construct gravity amplitudes,
A(0)grav =
∫
M0,n
dµ(0)n I(0)kin I˜(0)kin =
∑
a∈Γn
Na N˜a
Da
, (2.13)
where N˜ = N(i → ˜i). The expressions (2.11) and (2.13) follow from the fact that the moduli space
integrals ∫
M0,n
dµ0,n
1
σρ(1)ρ(2) · · ·σρ(n−1)ρ(n)σρ(n)ρ(1)
1
σρ′(1)ρ′(2) · · ·σρ′(n−1)ρ′(n)σρ′(n)ρ′(1) ,
where ρ, ρ′ ∈ Sn, give rise to linear combinations of propagator sets 1/Da with coefficients ±1 [5].
These linear combinations are precisely such that the colour factors and kinematic numerators of non-
master diagrams are determined via Jacobi relations from those of the master diagrams in (2.9) and
(2.10), respectively.
5Notice that the usual Feynman rules do not lead to trivalent diagrams only, due to the four-point vertex. If all
the contributions obtained from the Feynman rules are grouped by colour factors, which are intrinsically trivalent,
then one can trivially assign kinematic numerators to trivalent diagrams, but these will generically not satisfy the
colour-kinematics duality, except at four points.
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2.2 One loop
Loop integrands from the scattering equations. The known loop-level extension of the CHY
formalism applies to the loop integrand. It was originally developed from ambitwistor string theory,
a worldsheet model of field theory proposed in [6] that leads naturally to CHY formulae for scatter-
ing amplitudes at tree level. Ambitwistor string theory gives a prescription for computing one-loop
amplitudes in certain theories by considering ‘genus-one scattering equations’ [12]. A generic and
significantly simpler formalism was found in [14, 15] by applying the residue theorem to the genus-one
moduli space, localising on a degenerate limit (where the modular parameter becomes τ = i∞) and
thereby obtaining formulae on the punctured Riemann sphere (moduli space M0,n+2), rather than
on the torus (moduli space M1,n). The formulae for the loop integrands are similar to the ones for
tree-level amplitudes, but two extra punctures arise representing loop momentum insertions ±`, as in
the figure below.
2
satisfies
@¯P = 2⇡i
X
i
ki ¯(z   zi)dz ,
where  ¯(f(z)) := @¯ 12⇡if(z) =  (<f) (=f)df(z) . Intro-
ducing ` 2 Rd to parametrise the zero-modes, and denot-
ing zij = zi   zj , our choice of solution for P (z, zi|q)
is
P = 2⇡i `dz+
X
i
ki
 
✓01(z   zi)
✓1(z   zi)+
X
j 6=i
✓01(zij)
n ✓1(zij)
!
dz . (1)
This is meromorphic and doubly periodic in z and the
zi. The ACS version is not holomorphic and does not
factorise properly [9], while that in [8, 10] is not doubly
periodic until the loop momentum is integrated out (as in
conventional string theory), and is thus not well defined
on the elliptic curve for fixed `. Using (1), the scattering
equations are
ResziP
2(z) = 2ki · P (zi) = 0 , P 2(z0) = 0 . (2)
Because the sum of residues of P 2 vanishes, the first scat-
tering equation follows from those at i = 2, . . . , n. Trans-
lation invariance implies that we must fix the location of
z1 by hand. On the support of the equations at zi, which
fix these points, P 2(z0) is global and holomorphic, hence
constant in z0, depending only on ⌧ . Therefore, the final
equation P 2(z0) = 0 determines ⌧ .
The ACS proposal for the 1-loop integrand of type-II
supergravity amplitudes takes the form
M(1)SG =
Z
Iq dd` d⌧  ¯(P 2(z0))
nY
i=2
 ¯(ki · P (zi))dzi , (3)
where, for the critical case, d = 10 and Iq = I(ki, ✏i, zi|q),
and ✏i is the polarisation data. It is obtained as a sum
over spin structures of a worldsheet correlator of vertex
operators, giving rise to certain Pfaffians and partition
functions described later and in more detail in [9]. This
formula is doubly periodic in the zi and modular invari-
ant, i.e., invariant under ⌧ ! ⌧+1, 1/⌧ (and `! `, ⌧`).
In [10], it was shown that when n = 4, as in string
theory, I is independent of zi and q, so it factors out
of the integral. The nontrivial remaining integral is the
n = 4 version of the more general integral
M(1)n gon =
Z
dd` d⌧  ¯(P 2(z0))
nY
i=2
 ¯(ki · P (zi))dzi ,
where the integral is modular invariant for d = 2n + 2.
In [10], this was conjectured to be equivalent to a sum
over permutations of n-gons.
In both cases, there are as many delta functions as
integration variables and these restrict the integral to
a sum over a discrete set of solutions to the scattering
equations. Each term consists of the integrand evaluated
at the corresponding solution divided by a Jacobian.
III. FROM A TORUS TO A RIEMANN SPHERE
Here we use a residue theorem (or integration by parts
in our notation) to reduce he fo ula on the elliptic
curve to one on the nodal Riemann sphere at q = 0 (such
‘global residue theorems’ have already been applied to
tree-level CHY formulae by [11]). We ill be left with
scattering equations tha have off-shell momenta associ-
ated to `, and a formula for the 1-loop integrand based
on these.
1
2-
1
2
⌧ $
FIG. 1. Contour argument in the fundamental domain.
In order to obtain a formula for the amplitude on the
Riemann sphere, we assume that Iq := I(. . . |q) is holo-
morphic as a function of q on the fundamental domain
D⌧ = {|⌧ |   1,<⌧ 2 [ 1/2, 1/2]} for the modular group.
It was shown in [9] that the holomorphicity of the su-
pergravity integrand at q = 0 is a consequence of the
GSO projection. For other values of q the possible poles
in the integrand can only occur when zi ! zj , but the
standard factorisation argument [11] applies here also to
imply that this can only happen when the momenta are
factorising and hence nongeneric. The main argument is
then
M(1)SG =
Z
Iq dd` dq
q
@¯
✓
1
2⇡iP 2(z0)
◆ nY
i=2
 ¯(ki · P (zi))dzi
=  
Z
Iq dd` @¯
✓
dq
2⇡iq
◆
1
P 2(z0)
nY
i=2
 ¯(ki · P (zi))dzi
=  
Z
I0 dd` 1
P 2(z0)
nY
i=2
 ¯(ki · P (zi))dzi
   
q=0
. (4)
In the first line, we put d⌧ = dq/2⇡iq and inserted the
definition of  ¯(P 2(z0)). In the second line, we integrated
by parts in the domain D⌧ , yielding a delta function sup-
ported at q = 0 that is then integrated out. The bound-
ary terms cancel because of the modular invariance. This
is equivalent to a contour integral argument in the fun-
damental domain D⌧ as in figure 1. The sum of the
residues at the poles of 1/P 2(z0, . . . |q) simply gives the
contribution from the residue at the top, q = 0, since the
contributions from the sides and the unit circle cancel by
modular invariance.
Figure 3: Sphere with a single node.
For Yang-Mills theory, we have
A(1)YM =
∫
dD`
`2
∫
M0,n+2
dµ
(1)
n+2 I(1)kin I(1)SU(Nc) , (2.14)
while for gravity, we have
A(1)grav =
∫
dD`
`2
∫
M0,n+2
dµ
(1)
n+2 I(1)kin I˜(1)kin . (2.15)
The CHY-type integrals in the loop integrands are associated to n+ 2 punctures with momentum
insertions, of which n relate to external momenta {ki, σi} and two relate to the loop momentum
{±`, σ±}. The various n-point ingredients can be defined in terms of their tree-level (n + 2)-point
counterparts by considering a null version of the loop momentum:6
L such that L2 = 0 , L · ki 7→ ` · ki , L · i 7→ ` · i . (2.16)
The measure is therefore defined as
dµ
(1)
n+2 ≡
dn+2σ
vol SL(2,C)
∏
a
′ δ
(
E(1)a
)
, (2.17)
where a = {i,±}, and the one-loop scattering equations read
E
(1)
i =
ki · `
σi+
− ki · `
σi−
+
∑
j 6=i
ki · kj
σij
, E
(1)
± =
∑
i
±` · ki
σ±i
. (2.18)
6One may think of the null version L as a higher-dimensional extension of `. This is analogous to the consideration of
a pair of back-to-back massive momenta in the tree-level scattering equations [43]. However, the completeness relation
(2.22), which will effectively implement the massless-vector state sum, is still a projector into a (D − 2)-dimensional
space.
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Notice that they do not depend on `2, and indeed the tree-level-like interpretation relies on a null
momentum L. As in (2.4), the one-loop scattering equations are associated to the vanishing of a
quadratic differential,
P 2(σ)− `2ω(σ)2 = 0 , where Pµ(σ) = `µω(σ) +
n∑
i=1
kµi
σ − σi , ω(σ) =
σ+−
(σ − σ+)(σ − σ−) . (2.19)
This corresponds to P 2(σ)|`2=0 = 0, that is, to the use of `→ L from (2.16).
Ref. [23] studied in detail this forward limit from (n+2)-point tree level to n-point one loop at the
level of the solutions to the scattering equations, with the following conclusion. The original (n− 1)!
solutions from tree level (for n+2 particles with generic kinematics) split into three sets in the forward
limit: set (i) with (n − 1)! − 2(n − 2)! regular solutions, where all σa are distinct, that contribute at
one loop; set (ii) with (n− 2)! singular solutions, where σ+ = σ−, that contribute at one loop; and set
(iii) with the remaining (n− 2)! singular solutions, where σ+ → σ− in the forward limit, that are not
solutions to the one-loop scattering equations, and do not contribute at one loop. In fact, it was shown
in [15, 78] that, while the set (ii) of solutions contributes to the loop integrand for generic theories,
this contribution vanishes upon loop integration, so that the amplitude can be fully determined from
the set (i) of regular solutions. At the level of the loop integrand, the separate contributions from the
sets (i) and (ii) may give rise (depending on the theory) to cumbersome terms with discriminant poles,
which vanish upon loop integration [78]; these terms cancel in the loop integrand between the sets (i)
and (ii). The case of theories with maximal supersymmetry (or at least half-maximal for supergravity)
is straightforward in this respect, as only the set (i) contributes to the loop integrand.
The remaining ingredients of the one-loop formulae (2.14) and (2.15) can also be defined in terms
of the forward limit. For the one-loop colour factor, we simply glue the colour indices of the loop
punctures,
I(1)SU(Nc)({ai, σi}, {σ±}) = δa+a− I
(0)
SU(Nc)
({ai, σi}, {a±, σ±}) , (2.20)
where we consider the normalisation tr(T aT b) = δab. The one-loop kinematic factor is
I(1)kin({i, ki, σi}, {`, σ±}) =
∑
r
I(0)kin({i, ki, σi}, {r±,±L, σ±}) , (2.21)
in the non-supersymmetric case [15]. The sum over the states running in the loop is defined by the
state projector∑
r
 r+µ 
r
− ν = ηµν −
Lµqν + Lνqµ
L · q ≡ ∆µν , such that ∆
µ
µ = D − 2 , (2.22)
with a null reference vector qµ [26]. We can therefore write, in terms of the CHY Pfaffian,
I(1)kin =
∑
r
Pf ′(M) = ∆µν Pf ′(M)µν , (2.23)
where M is now a 2(n+2)×2(n+2) matrix. In this construction, the loop integrand is gauge invariant
(including for the choice of q) if only regular solutions to the scattering equations are considered, for
the same reason that gauge invariance holds for the tree-level CHY Pfaffian. If singular solutions are
also considered, then the loop integrand is not gauge invariant, but the amplitude is, as proven in [78].
Given the independence on the choice of q, we can use an effective substitution rule that avoids its
use altogether [26]:
∆µνV
µW ν ; V ·W , for any V,W ∈ {ki, i} , (2.24)
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whereas ∆µν L
ν = 0 .
The supersymmetric counterpart of the one-loop kinematic factor (2.21) was derived from am-
bitwistor string theory [14]. With hindsight, the forward limit described above is a natural result,
but it was originally recognised by rewriting the Neveu-Schwarz contribution to the supersymmetric
formula [15].
Let us make some comments regarding gravity. In the non-supersymmetric case, since both
kinematic factors in (2.15) are given by (2.21) – one of them with ‘tilded’ polarisations – the relevant
theory is NS-NS gravity, with graviton, dilaton and B-field, as discussed at tree level. If both of
them were instead the supersymmetric kinematic factors of [14], then the relevant theory is maximal
supergravity. If only one of the factors is the supersymmetric version, then we have half-maximal
supergravity. Finally, returning to the non-supersymmetric case, notice that we can also consider
pure Einstein gravity. Along with a choice of external polarisation tensors corresponding to gravitons,
we should also project the dilaton and the B-field out of the loop by a judicious choice of the state
projector ∑
r,r˜
 r+µ 
r
− ν ˜
r˜
+ µ˜ ˜
r˜
− ν˜ , (2.25)
distinct from the NS-NS case ∆µν∆µ˜ν˜ . The pure Einstein case is
1
2
(∆µν∆µ˜ν˜ + ∆µν˜∆µ˜ν)− 1
D − 2 ∆µµ˜∆νν˜ , (2.26)
where the index symmetrisation eliminates the B-field, and the last term eliminates the dilaton.
Trivalent diagrams and colour-kinematics duality. We can now proceed as at tree level to
translate the CHY-type expression for the loop integrand into trivalent diagrams. The analogues of
(2.9) and (2.10) are
I(1)SU(Nc) =
∑
ρ∈Sn
c(1)
(
+, ρ(1, · · · , n),−)
σ+ρ(1) σρ(1)ρ(2) · · ·σρ(n)− σ−+ , (2.27)
with
c(1)(· · · ) = δa+a− c(· · · ) , (2.28)
and
E(1)a = 0 ⇒ I(1)kin =
∑
ρ∈Sn
N (1)
(
+, ρ(1, · · · , n),−)
σ+ρ(1) σρ(1)ρ(2) · · ·σρ(n)− σ−+ , (2.29)
with
N (1)(· · · ) =
∑
r
N(· · · ) , (2.30)
where the sum over states is again performed by the state projector (2.22). Our choice of master
diagrams is pictured in fig. 4. From the master diagrams, all other trivalent diagrams can be obtained
via the Jacobi relations.
In terms of trivalent diagrams, we have
A(1)YM =
∫
dD`
`2
∑
a∈Γ(1)n+2
N
(1)
a c
(1)
a
Da
, A(1)grav =
∫
dD`
`2
∑
a∈Γ(1)n+2
N
(1)
a N˜
(1)
a
Da
. (2.31)
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+ −
ρ(1) ρ(2) ρ(n)
Figure 4: The one-loop BCJ master diagrams are half-ladder diagrams with fixed endpoints, which
we choose to be the legs + and − associated to the loop momentum.
To interpret these formulae, let us recall that the loop-integrand representation directly obtained
from the loop-level scattering equations has linear-type propagators [14].7 Such a representation is
obtainable from a Feynman-type representation with only quadratic propagators via partial fractions
and shifts in the loop momentum [14]. The partial fractions can be implemented via a residue argument
[24]. As an example, an n-gon diagram with standard propagator structure is decomposed into n tree-
level-like diagrams with n+ 2 legs, as in the figure below.
i i− 1
∼ 1
`2
∑
i
+ −
i i− 1
=
1
`2
∑
i
+ −
i i− 1
The single quadratic propagator at one loop is explicit in (2.31). For instance, for the diagram in
fig. 4, the propagator set 1/Da is
1∏n−1
i=1 (L+Ki)
2
7→ 1∏n−1
i=1 (2` ·Ki +K2i )
, with Ki =
i∑
j=1
kρ(j) . (2.32)
We use Γ
(1)
n+2 to denote the set of trivalent diagrams with n + 2 legs, excluding only diagrams that
contain a tadpole or an external-leg bubble after gluing legs + and −. This exclusion is consistent with
the result of the moduli space (CHY-type) integral, which is manifestly finite. The naively singular
contributions from the forward limit either cancel out or are finite but vanish upon loop integration
in dimensional regularisation.
2.3 Previous work at two loops
Similarly to the one-loop story, previous work on CHY-type formulae at two loops was based on
ambitwistor strings, and applies to the loop integrand. Four-point formulae for maximal super-Yang-
Mills theory and supergravity were presented in [16]. These were based on a heuristic derivation
from ambitwistor strings at genus two, originally studied in [13]. A rigorous derivation via a residue
argument in moduli space was presented more recently by two of the present authors [19]. This work
also provided formulae at any multiplicity, although the ‘stringy’ sum over spin structures was not
fully simplified beyond four points. For other work at two loops, see also [80, 81].
7See [79] for an alternative approach.
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The formulae for the loop integrands are similar to those for tree-level amplitudes, but now two
nodes (four extra punctures) arise on the Riemann sphere, representing loop momenta insertions ±`1
and ±`2.
Figure 5: Sphere with two nodes.
Let us label the punctures on the bi-nodal sphere by {σi, σ1± , σ2±}. Remarkably, there are two possible
sets of two-loop scattering equations [16], defined by
P 2(σ)− `21 ω1(σ)2 − `22 ω2(σ)2 + α (`21 + `22)ω1(σ)ω2(σ) = 0 , α = ±1 . (2.33)
Here,
Pµ(σ) = `µ1 ω1(σ) + `
µ
2 ω2(σ) +
n∑
i=1
kµi
σ − σi , and ωI(σ) =
σI+I−
(σ − σI+)(σ − σI−)
. (2.34)
Similarly to one loop, the n-point two-loop scattering equations can be written more clearly by con-
sidering null versions of the loop momenta: for I = 1, 2,
LI such that L
2
I = 0 , LI · ki 7→ `I · ki , LI · i 7→ `I · i , (2.35)
but also 2L1 · L2 7→ α (`1 + α `2)2 .
That is, the n+ 4 null momenta are {ki, L1,−L1, L2,−L2}.
Therefore, the two-loop scattering equations are given by
E(2,+)a = 0 or E
(2,−)
a = 0 , (2.36)
corresponding to α = 1 and α = −1, respectively. Explicitly,
E
(2,α)
i = ki · `1
(
1
σi − σ1+
− 1
σi − σ1−
)
+ ki · `2
(
1
σi − σ2+
− 1
σi − σ2−
)
+
∑
j 6=i
ki · kj
σi − σj , (2.37a)
±E(2,α)1± =
α
2
(`1 + α `2)
2
(
1
σ1± − σ2+
− 1
σ1± − σ2−
)
+
∑
j
`1 · kj
σ1± − σj
, (2.37b)
±E(2,α)2± =
α
2
(`1 + α `2)
2
(
1
σ2± − σ1+
− 1
σ2± − σ1−
)
+
∑
j
`2 · kj
σ2± − σj
. (2.37c)
The crucial features appearing first at two loops are the quadratic factor (`1 + α`2)
2
and the
two choices α = ±1, which are associated with aligned / anti-aligned loop momenta in diagrams.
The necessity of the quadratic factor was first noticed in [16] based on loop-integrand factorisation
requirements, which coincide with those of ‘Q-cuts’ [24]. For instance, one way to decompose a planar
double-box diagram with standard propagator structure is represented below, in terms of three tree-
level-like diagrams with n+ 4 external legs.
– 12 –
∼
1
`21`
2
2
+ +
Figure 6: One of the ways of decomposing a planar double-box diagram in terms of tree-level diagrams
with n+ 4 external legs. The dots on the left part denote three ways of placing one loop momentum
(say `1), which leads to the three diagrams on the right-hand side, whereas the dot in the middle
denotes the other loop momentum.
The second of these diagrams has the propagator structure
1
(2 `1 · k2) (−2 `1 · k1) (`1 + `2 + k2)2 (`1 + `2 + k2 + k3)2 (`1 + `2 − k1)2
if we choose the loop assignment as in the figure below.
`1 `2
2
1
3
4
As at one loop, such a representation can be obtained via partial fraction and shifts in the loop
momenta. Analogously to (2.32), we have
1
(L1 + αL2 +K)2
7→ 1
(`1 + α `2 +K)2
, for α = ±1 . (2.38)
That is, the propagators involving both loop momenta should be quadratic, unlike the ones involving
only one of the loop momenta. Therefore, parallel / anti-parallel loop momenta are associated with
α = 1 / α = −1. In the next section, we will discuss the consequences of this fact. More examples of
writing standard two-loop diagrams in terms of the representation used here were given in [16].
The derivation of expressions for supersymmetric theories from genus-two ambitwistor strings
illuminates the new two-loop features [19]. The inclusion of the quadratic factor is required for the
residue argument, in order to fully localise the genus-two moduli space integration on the bi-nodal
sphere of fig. 5. Regarding the two sets of scattering equations, only one is needed to describe two-
loop amplitudes in the presence of supersymmetry (maximal in the case of gauge theory, and at least
half-maximal in the case of gravity).
Let us conclude this section by commenting on singular solutions. Ref. [16] discussed in detail the
counting of regular and singular solutions to these equations (same for α = 1 and α = −1). We will
not need these solutions to solve the moduli space integral, for the same reason as at one loop, but let
us mention for completeness that there are:
• (n+ 1)!− 4n! + 4(n− 1)! + 6(n− 3)! regular solutions, i.e., with σ1+ , σ1− , σ2+ , σ2− all distinct;
• 2n((n− 1)!− 2(n− 2)!) singular solutions for which either σ1+ = σ1− or σ2+ = σ2− ;
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• (n− 2)2(n− 3)! singular solutions for which both σ1+ = σ1− and σ2+ = σ2− .
The total number of solutions is smaller than (n+ 1)!, which would be the naive expectation from the
double-forward limit. This is analogous to the one-loop case. Also analogously to one loop, singular
solutions give no contribution to the loop integrand in supersymmetric theories.
3 New two-loop formulae
This section contains our main proposal. We present all-multiplicity formulae for the two-loop inte-
grands of Yang-Mills theory and gravity, with or without supersymmetry, and also of other theories
with an analogous CHY-type structure. While we use the tree-level and one-loop results as guid-
ance, new important features appear at two loops, such that the double-forward limit is not straight-
forward for generic theories. In section 4, we will compare in detail the supersymmetric and the
non-supersymmetric cases.
3.1 Naive guess
We start by presenting a naive guess for how to write a two-loop integrand in terms of the scattering
equations. Let us recall from section 2.3 that, at two loops, we have n + 4 punctures labelled by
a = {i, I±}, as in fig. 5: n for external particles, and two pairs for the loop momenta. There are two
sets of scattering equations, E
(2,α)
a = 0, with α = ±1. In a democratic spirit, we consider contributions
from both sets on equal footing. The naive guess is that the two-loop amplitudes take the generic
form8
A(2) ?=
∫
dD`1 d
D`2
`21 `
2
2
∫
M0,n+4
1
2
[
dµ
(2,+)
n+4 I(2,+) + dµ(2,−)n+4 I(2,−)
]
, (3.1)
with the measures
dµ
(2,α)
n+4 ≡
dn+4σ
vol SL(2,C)
∏
a
′ δ(E(2,α)a ) . (3.2)
In the following, we will describe how to construct the objects I(2,α). Our starting point is the
basic observation that, similarly to one loop, the n-point two-loop scattering equations can be defined
from their tree-level (n + 4)-point counterparts. This is achieved by considering null versions of the
loop momenta, as discussed in (2.35). This basic observation leads to a natural two-loop extension
of the CHY Pfaffian, which would naively seem obstructed by the appearance of (`1 ± α`2)2 in the
two-loop scattering equations. In analogy to the one-loop case, we can write
I(2,α)kin ({i, ki, σi}, {`I , σI±}) =
∑
r1,r2
I(0)kin({i, ki, σi}, {rII± ,±LI , σI±})
=
∑
r1,r2
Pf ′(M) = ∆1µ1ν1∆2µ2ν2 Pf
′(M)µ1ν1,µ2ν2 . (3.3)
The sum over the states running in the loop I is defined by the state projector,∑
rI
 rII+ µ 
rI
I− ν = ηµν −
LIµqν + LIνqµ
LI · q ≡ ∆Iµν , (3.4)
8As we shall discuss further, this is consistent with the supersymmetric case [16, 19], for which the two contributions
in (3.1) differ only by `2 → −`2.
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where q is a null reference vector. For complete clarity, the object Pf ′(M)µ1ν1,µ2ν2 is defined precisely
as at tree level, from
M =
(
A −CT
C B
)
, (3.5)
which is now a 2(n+ 4)× 2(n+ 4) matrix. The reduced Pfaffian is still
Pf ′ (M) =
(−1)aˆ+bˆ
σaˆbˆ
Pf
(
M aˆbˆ
aˆbˆ
)
, (3.6)
where M aˆbˆ
aˆbˆ
denotes the matrix M with both rows and columns aˆ and bˆ removed (for aˆ < bˆ ≤ n+ 4).
Moreover,
Pf ′(M)µ1ν1,µ2ν2 = ∂µ1
1+
∂ν1
1−
∂µ2
2+
∂ν2
2−
Pf ′ (M) . (3.7)
Explicitly, the components of M are: for the A submatrix,
AI+I− = 0 A1±2+ = ±α (`1 + α `2)
2
2σ1±2+
A1±2− = ∓α (`1 + α `2)
2
2σ1±2−
(3.8a)
AI± j = ±`I · kjσI±j
Aij =
ki · kj
σij
, (3.8b)
where the factors 12 (`1 + `2)
2
appear from L1 · L2; for the B submatrix,
BµIνII+I− =
ηµIνI
σI+I−
BµIµJI+J+ =
ηµIµJ
σI+J+
BµIνJI+J− =
ηµIνJ
σI+J−
(3.9a)
BµII+j =
µIj
σI+j
BνII−j =
νIj
σI−j
Bij =
i · j
σij
; (3.9b)
and for the C submatrix,
CI+I− = 0 C
µI
I+J± = ±
LµIJ
σI+J±
CµII+j =
kµIj
σI+j
(3.10a)
CνII−J± = ±
LνIJ
σI−J±
CνII−j =
kνIj
σI−j
(3.10b)
CiI± = ±i · `IσiI±
Cij =
i · kj
σij
Caa = −
∑
b 6=a
Cab . (3.10c)
Just as at tree-level and at one-loop, the full Pfaffian
∑
r1,r2
Pf (M) vanishes on the support of the scat-
tering equations, with the kernel spanned by the vectors (1, . . . , 1, 0, . . . , 0) and (σ1+ , . . . , σn, 0, . . . , 0),
so the reduced Pfaffian is well-defined and invariant under the choice of removed rows and columns.
The kinematic object defined above, starting in (3.3), is an important piece in our construction. It
is manifestly invariant for gauge transformations of the external polarisations, if evaluated on solutions
to the two-loop scattering equations that are regular (i.e., where σ1+ , σ1− , σ2+ , σ2− are all distinct), for
the same reason that the analogous statement holds at tree level. Likewise, the choice of the reference
vector q in (3.4) is arbitrary. In fact, we can use an effective substitution rule that avoids its use
altogether: for V,W ∈ {ki, i},
∆Iµν V
µW ν , ∆Iµ
α∆Jαν V
µW ν ; V ·W ,
∆Iµν L
µ
JV
ν , ∆Iµ
α∆Jαν L
µ
JV
ν ; V · (LJ − LI) 7→ V · (`J − `I) , (3.11)
∆1µν L
µ
2L
ν
2 , ∆2µν L
µ
1L
ν
1 , −∆1µα∆2αν Lµ2Lν1 ; −2L1 · L2 7→ −α(`1 + α `2)2 ,
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while ∆Iµ
µ = ∆1µν ∆
µν
2 = D − 2 . We made explicit numerical checks of the substitution rule by
evaluating the kinematic object (3.3) on solutions to the scattering equations.
Having defined the kinematic object (3.3), we can consider also its colour counterpart. This was
first discussed in [19] in the context of super-Yang-Mills theory. Only the kinematic object depends
on the degree of supersymmetry, not the colour object. The idea is to simply glue the colour indices
for each loop, starting from the tree-level (n+ 4)-point object,
I(2)SU(Nc)({ai, σi}, {σI±}) = δa1+a1− δa2+a2− I
(0)
SU(Nc)
({ai, σi}, {aI± , σI±}) , (3.12)
which is independent of the choice α = ±1. This expression contains the full colour dependence,
including non-planar contributions. If one wants to decompose the colour dependence in a 1/Nc
expansion, this is as usual accomplished with the completeness relation for the Lie algebra of SU(Nc),
(T a) j1i1 (T
a) j2i2 = δ
j2
i1
δj1i2 −
1
Nc
δj1i1 δ
j2
i2
. (3.13)
The expression (3.12) does not yet coincide with the one presented in [19], denoted as I(2,+)SU(Nc) below.
We now proceed to the naive-guess formulae for gauge theory and gravity, based on (3.1). They
exhibit a double-copy structure just like at tree level and one loop, but have important novel features.
In fact, we propose two representations of the formulas. The two representations are only meant to
agree when we consider the sum over the contributions from both sets of scattering equations in (3.1).
The first representation is
I(2,α)YM = ξ(α) I(2,α)kin I(2)SU(Nc) , I(2,α)grav = ξ(α) I
(2,α)
kin I˜(2,α)kin , (3.14)
with the cross-ratios
ξ(+) =
σ1+2− σ2+1−
σ1+1− σ2+2−
, ξ(−) =
σ1+2+ σ2−1−
σ1+1− σ2−2+
, (3.15)
such that
ξ(+) + ξ(−) = 1 . (3.16)
Similarly to tree level and one loop, I˜(2,α)kin coincides with I(2,α)kin after substituting the set of external
polarisations, i → ˜i.
The second representation, which we denote with a prime, is
I ′(2,α)YM = I(2,α)kin I(2,/α)SU(Nc) , I ′(2,α)grav = I
(2,α)
kin I˜(2,/α)kin . (3.17)
We use the /α symbol, instead of just α, to denote the following. Consider the definition of I(2)SU(Nc),
which is actually independent of α, written in terms of Lie algebra structure constants mirroring the
tree-level case (2.9),
I(2)SU(Nc) = δa1+a1− δa2+a2−
∑
γ∈Sn+2
fa1+aγ(1)b1 f b1aγ(2)b2 · · · f bn−3aγ(n+2)a1−
σ1+γ(1) σγ(1)γ(2) · · ·σγ(n+2)1− σ1−1+
, (3.18)
where Sn+2 is the set of permutations of {i, 2±}, i.e., {1±} are fixed. Then the ‘slashed’ version is
I(2,/α)SU(Nc) = δa1+a1− δa2+a2−
∑
γ∈S(α)n+2
fa1+aγ(1)b1 f b1aγ(2)b2 · · · f bn−3aγ(n+2)a1−
σ1+γ(1) σγ(1)γ(2) · · ·σγ(n+2)1− σ1−1+
. (3.19)
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The distinction is that we consider now a restricted set of permutation S
(α)
n+2, with half the elements
of Sn+2, such that any γ ∈ S(±)n+2 is of the type {· · · , 2±, · · · , 2∓, · · · }. Clearly,
I(2)SU(Nc) =
∑
α=±
I(2,/α)SU(Nc) . (3.20)
The ‘slash’ prescription may also be applied to a kinematic object. Given the double-forward-limit
interpretation of I(2)kin, we have
E(2,α)a = 0 ⇒ I(2,α)kin =
∑
γ∈Sn+2
N (2)
(
1+, γ(1, · · · , n, 2+, 2−), 1−)
σ1+γ(1) σγ(1)γ(2) · · ·σγ(n+2)1− σ1−1+
, (3.21)
with
N (2,α)(· · · ) =
∑
r1,r2
N(· · · ) , (3.22)
where the N are tree-level numerators, as in (2.10), and the sum over states running in the loops is
performed by the state projectors (3.4). It is therefore natural to define
I(2,/α)kin =
∑
γ∈S(α)n+2
N (2)
(
1+, γ(1, · · · , n, 2+, 2−), 1−)
σ1+γ(1) σγ(1)γ(2) · · ·σγ(n+2)1− σ1−1+
, (3.23)
where we restrict the sum over permutations, as in (3.19). With this object in hand, notice that we
could have ‘slashed’ I(2)kin instead of I(2)SU(Nc) in the gauge theory formula of (3.17).
In both representations of our formulae, we are splitting an expression into two parts, either by the
cross-ratio as in (3.14) or by dropping half the terms in each part as in (3.17). Each of the two parts
is evaluated in (3.1) with the corresponding set of scattering equations. The reason for this restriction
is that these equations pick a relative orientation of the loop momenta, via the factor (`1 +α`2)
2. The
scattering equations admit loop-integrand-level poles of the type
1
(L1 ± L2 +K)2 7→
1
±α(`1 + α `2)2 + 2(`1 ± `2) ·K +K2 , (3.24)
where K is a sum of external momenta. The suppression of factorisation-forbidden poles (such that
`1±`2 is `1−`2 for α = +1, and `1 +`2 for α = −1) is a special property of valid CHY-type integrands.
Both versions of our formulae, (3.14) and (3.17), satisfy the requirement of suppressing these poles,
and allowing the correct poles,
1
(L1 + αL2 +K)2
7→ 1
(`1 + α `2 +K)2
. (3.25)
It is not hard to see how they may satisfy this requirement.9 For instance, the cross-ratio ξ(+) in
(3.14) suppresses worldsheet degenerations where σ1+ = σ2− or σ1− = σ2+ , since then ξ
(+) = 0. These
degenerations would lead to factorisation-forbidden poles when associated to the E
(2,+)
a = 0 scattering
equations. The ‘slash’ prescription achieves the same goal, since the ordering of the loop punctures in
9It may be helpful to recall here the relation between worldsheet factorisation and kinematic factorisation. Let
us consider the tree-level scattering equations. If some marked points merge as solutions to the scattering equations,
σi∈A → σ∗, then this implies that (
∑
i∈A ki)
2 → 0. If the moduli-space integration encounters a pole as the marked
points merge, then the (integrated) expression will possess the associated kinematic pole.
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the Parke-Taylor denominators, given by the set of permutations S
(+)
n+2 for E
(2,+)
a = 0, does not lead
to poles for σ1+ = σ2− or σ1− = σ2+ .
Apart from Yang-Mills theory and gravity, it is also natural to consider other theories, e.g., those
in [7]. The naive-guess formulae in those cases should also be clear. The double-forward limit of
the loop momenta can be performed with either α = 1 or α = −1. In the cross-ratio prescription,
that is all that is needed. In the ‘slash’ prescription, one first identifies a Parke-Taylor decomposition
analogous to (3.18) and (3.23), and then drops half the terms according to α. For instance, for the
bi-adjoint scalar theory we have simply
I(2,α)bi-adj = ξ(α) I(2)SU(Nc) I
(2)
SU(N˜c)
(3.26)
for the cross-ratio prescription, and
I ′(2,α)bi-adj = I(2)SU(Nc) I
(2,/α)
SU(N˜c)
(3.27)
for the ‘slash’ prescription.
We verified the equivalence of the two prescriptions by numerically evaluating (3.1) over the regular
solutions to the scattering equations (the two sets) at four points in the case of the bi-adjoint scalar
theory, i.e., using either (3.26) or (3.27). We also verified the equivalence numerically at four points
for super-Yang-Mills theory, where the object I(2,α)kin is substituted by its supersymmetric counterpart
– more on this later.
While the two prescriptions have been verified in examples to be equivalent, there remains to
be checked whether they lead to a valid two-loop integrand. Generically, this is not the case, and a
correction to the naive guess (3.1) is required, as we will discuss below.
3.2 Trivalent diagrams and colour-kinematics duality
The naive guess (3.1) leads to explicit expressions for the loop integrands. The idea is to use the
same procedure as at tree level and one loop, reviewed in section 2. We recall that the representation
of the loop integrands arising naturally from the scattering equations formalism contains linear-type
propagators, not just quadratic ones.
In principle, the novel two-loop feature of the two sets of scattering equations does not complicate
the moduli space integrals. We expect, for our naive guess (3.1), that
A(2)YM ?=
∫
dD`1 d
D`2
`21 `
2
2
∑
a∈Γ(2)n+4
N
(2)
a c
(2)
a
Da
, A(2)grav ?=
∫
dD`1 d
D`2
`21 `
2
2
∑
a∈Γ(2)n+4
N
(2)
a N˜
(2)
a
Da
. (3.28)
Here, Γ
(2)
n+4 denotes the set of tree-level trivalent diagrams with n + 4 legs, excluding diagrams that
contain one- or two-loop-type tadpoles or external-leg bubbles after gluing the legs corresponding to
the loops (1+ with 1−, and 2+ with 2−).10 The set of trivalent diagrams is obtained from (n + 2)!
master diagrams via Jacobi relations, analogously to tree level and one loop; see fig. 7. The effect of
the splitting of (3.1) into contributions from the two sets of scattering equations is merely to ensure
10Notice that this includes also diagrams that possess an external-leg bubble when only one of the loop momenta is
glued. The prescription for the exclusion of the bubble- and tadpole-diagrams is analogous to one loop, where they were
shown to be associated to singular solutions, which at most give finite contributions to the loop integrand (and integrate
to zero at one loop).
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1+ 1−
ρ(1) ρ(I) 2+ ρ(I + 1) ρ(J) 2− ρ(J + 1) ρ(n)
Figure 7: The two-loop BCJ master diagrams are half-ladder diagrams with fixed endpoints, which
we choose to be the legs 1+ and 1− associated to the loop momentum 1. Half of the master diagrams
have the relative ordering of legs 2+ and 2− represented in this figure, and they arise from the first part
of (3.1), associated to the scattering equations E
(2,+)
a = 0. The second half of the master diagrams
have the other relative ordering of legs 2+ and 2−, and are associated to the scattering equations
E
(2,−)
a = 0.
the correct form of the quadratic propagators involving both loop momenta, that is, to enforce (2.38).
For instance, the diagrams pictured in fig. 7 have propagator sets 1/Da given by
1(∏I
i=1(L1 +Ki)
2
)(∏J
i=I(L1 + L2 +Ki)
2
)(∏n
i=J(L1 +Ki)
2
)
7→ 1(∏I
i=1(2`1 ·Ki +K2i )
)(∏J
i=I(`1 + `2 +Ki)
2
)(∏n
i=J(2`1 ·Ki +K2i )
) ,
with Ki =
i∑
j=1
kρ(j) . (3.29)
The representation of the loop integrand is therefore not in a Feynman form. Instead, it contains
linear-type propagators, as discussed in section 2.3. We recall that the colour factors and kinematic
numerators of master diagrams are the ones appearing in (3.19) and (3.23), respectively.
As at tree level and one loop, the colour-kinematics duality holds by construction. It follows
from tree level via the double-forward limit. This is in contrast with the original BCJ loop-level
conjecture [33], which was formulated for a representation with Feynman-type propagators, for which
the implications of the well-established tree-level colour-kinematics duality are not fully understood.
In the case of pure Yang-Mills theory at two loops, the original conjecture faces obstructions already at
five points [70], whereas the construction presented above is conjectured to be valid for any multiplicity.
Before proceeding, let us relate the present discussion, which employs two sets of scattering equa-
tions, to previous work at two loops [16, 19], which employed a single set of scattering equations (then
chosen to be α = +1). The distinction is that previous work considered only supersymmetric theories.
Consider the class of Jacobi relations among tree-level-type diagrams represented in fig. 8. It involves a
diagram with parallel loop momenta, another with anti-parallel loop momenta, and on the right-hand
side a diagram with independent loops. If the latter type of diagram contributes to the amplitude, then
it is clear that we need both sets of scattering equations, since the kinematic numerators and colour
factors of such diagrams are built from master numerators of both contributions in (3.1). It turns
out that, in the supersymmetric case, diagrams with independent loop momenta do not contribute,
as their kinematic numerators vanish. Indeed, the two contributions in (3.1) are then equivalent, up
to `2 → −`2, and one can use a single set of scattering equations, as in [16, 19]. One important detail
is that, in the case of supersymmetric gauge theory, this requires the use of the ‘slash’ prescription of
(3.17), with the supersymmetric version of the kinematic object I(2,α)susy-kin, and with the ‘slash’ applied
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Figure 8: One class of Jacobi relations between trivalent diagrams at two loops. The ‘blobs’ (A, B, C,
D) are trivalent trees where we suppress the n external legs. On the left-hand side, the diagrams contain
a single quadratic propagator each, of the type 1/(`1 +`2 +K)
2 in the first case and 1/(`1−`2 +K)2 in
the second case. On the right-hand side, the diagram has independent loops, and therefore possesses
no propagator involving both loop momenta.
=
1
3
+ +
Figure 9: A double-box can be reconstituted in three distinct ways from (n + 4)-pt tree diagrams.
The second way was explicitly considered in section 2.3. The first way corresponds to nine tree-like
diagrams, whereas the second and third correspond to three.
to the colour object I(2,α)SU(Nc). This prescription effectively eliminates the would-be colour factors of half
the diagrams, including that in the middle of fig. 8, but preserves the kinematic numerators, such that
the kinematic numerator of the diagram on the right-hand side still vanishes via the Jacobi relation, as
it should. In the case of supergravity, the two prescriptions – cross-ratio and ‘slash’ – are identical. As
we will see in section 4.2, the cross-ratio is equivalent to the ‘slash’ of the supersymmetric kinematic
object.
3.3 Failure of the naive guess
The naive guess (3.28) exhibits the double-forward limit and the colour-kinematics duality. It turns
out, however, that it is incorrect. The reason is that we neglected to appropriately take into account
the relation between the tree-like diagrams with n+ 4 legs and the standard diagrams with quadratic
propagators that they are supposed to reproduce (up to loop integration).
Let us recall fig. 6, where one decomposition of the planar double-box was represented. In fact,
other decompositions are possible. If we simply sum over all tree-like diagrams, then we get that each
double-box is reconstituted three times, as in fig. 9. On the other hand, diagrams with independent
loops can only be reconstituted in one way, as in fig. 10.
To understand the multiplicity, let us consider the two vacuum topologies at two loops. Each two-
loop diagram is obtained from one of these by dressing the lines with external legs or trees thereof.
There are only 3 cases of interest to us.
• Case T1a: first topology, with the placement of labeled external legs distinguishing the three
lines. This is the case of a double-box diagram (planar or non-planar), for instance. The
multiplicity is ρT1a = 6, with a factor of 3 coming from the consideration in fig. 9, and an
additional factor of 2 from the exchange of `1 and `2.
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=Figure 10: A diagrams with independent loops can be reconstructed in one way only from (n+ 4)-pt
tree diagrams. It corresponds to nine tree-like diagrams, due to three possible locations of both `1
and `2.
Figure 11: Vacuum topologies at two loops.
• Case T1b: first topology, with all external legs and trees thereof attached to only one of the
three lines. This makes the other two lines indistinguishable, so that the additional factor of 2
does not apply. The multiplicity is therefore ρT1b = 3.
• Case T2: second topology, of which fig. 10 provides an example. Notice that at least two external
legs (or a single massive tree) must be attached to each loop, otherwise the resulting diagram
contains either a tadpole or an external-leg bubble, and should be excluded. The multiplicity is
ρT2 = 2, given that one may exchange `1 and `2.
We conclude that the guess (3.28) is incorrect for generic theories, since it neglects the multiplicity.
The scattering-equations version of this guess, in (3.1), is therefore also incorrect.
Again, the exception to this complication are the supersymmetric theories, since all contributions
are of the type T1a. The multiplicity is therefore an overall normalisation, and the double-forward
limit is straightforward.
3.4 Proposal
We are now in a position to formulate the final proposal. Using the guess (3.28) as a starting point,
the formula should be corrected with the multiplicity coefficients ρa discussed above, so that the
amplitudes are given by
A(2)YM =
∫
dD`1 d
D`2
`21 `
2
2
∑
a∈Γ(2)n+4
N
(2)
a c
(2)
a
ρaDa
, A(2)grav =
∫
dD`1 d
D`2
`21 `
2
2
∑
a∈Γ(2)n+4
N
(2)
a N˜
(2)
a
ρaDa
. (3.30)
This is the main result of the paper. The formulas exhibit the double-forward limit and the colour-
kinematics duality, as intended. The extension to the bi-adjoint scalar theory (or any other theory
whose ‘half-CHY-integrands’ can be expanded in terms of Parke-Taylor factors in a similar manner)
is straightforward.
With this proposal in hand, we may seek a proof, along the lines of what was achieved at one
loop using the factorisation properties of the loop integrand. This is beyond the scope of this paper.
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Figure 12: A two-step residue argument relates an expression on the genus-two surface to an expres-
sion on the bi-nodal sphere.
At one loop, contributions to the loop integrand that transform homogeneously for the scaling of the
loop momentum vanish upon loop integration. This provides a simple check of redundant parts of the
loop integrand. At two loops, the analogous argument – if applied straightforwardly – is much weaker
in identifying expressions that vanish upon loop integration. We hope that a better understanding of
this issue may lead to a factorisation-based proof as at one loop.
Another important question concerns the counterpart of (3.30) in terms of the two-loop scattering
equations. We started with the guess (3.1), and even discussed the two ‘CHY’-integrand prescriptions
(3.14) and (3.17). In our final proposal, however, we use the CHY-type objects simply to motivate
the construction of colour factors and kinematic numerators from their tree-level counterparts via the
double-forward limit. The inclusion of the multiplicity factors signals difficulties with the original
picture based on the bi-nodal sphere, fig. 5. We leave this point for section 4.3.
4 The Neveu-Schwarz sector of the ambitwistor string
In this section, we relate our results to previous work on the calculation of supersymmetric amplitudes
from ambitwistor string theory [19]. That calculation is pictured in fig. 12. The formulae obtained
from ambitwistor string theory at genus two can be turned into much simpler formulae on the bi-nodal
sphere, via a residue theorem in moduli space, involving the genus-2 scattering equations.
The non-supersymmetric kinematic object I(2)kin in (3.3) is based on the double-forward limit. There
is, however, another natural candidate for the same object. It arises from the NS sector of the formulae
for super-Yang-Mills theory and type II supergravity derived from ambitwistor string theory. This
sector contains precisely the states that our new formulae describe. The NS contribution is particularly
easy to extract in the RNS formulation of the ambitwistor string. While the RNS formulation has
the disadvantage of not being manifestly supersymmetric, requiring a sum over spin structures (which
implements the GSO projection), it is precisely this feature that makes the NS sector easily accessible.
Below, we first review briefly the two-loop integrands of super-Yang-Mills theory and type II
supergravity for any number of external particles. We then discuss the projection to pure Yang-Mills
theory and NS-NS gravity, and the reason why this is not straightforward, unlike the one-loop case.
4.1 Supersymmetric two-loop amplitudes
In the ambitwistor string – being a worldsheet model – two-loop amplitudes arise from correlators on
genus-two Riemann surfaces, integrated over the moduli space. As explored in [19], however, a residue
theorem on the moduli space can be used to localise the calculation on the bi-nodal sphere; see fig. 12.
This relies on the localisation provided by the scattering equations in the integration measure, and
is thus inherently a field-theory feature that has no straightforward equivalent in conventional string
theory. On the bi-nodal Riemann sphere, the correlator then takes the form
A(2)susy =
∫
dD`1 d
D`2
`21 `
2
2
∫
M0,n+4
dµ
(2,+)
n+4 I(2,+)susy . (4.1)
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This is simpler than the naive guess (3.1) for generic theories, since only one set of scattering equations
is used.11 Of course, the splitting into two parts as in (3.1) can be considered, but these should be
equivalent up to `2 → −`2. Diagrams of types T1b and T2 do not arise from the particular form of
(4.1) constructed in [19], although we will not attempt a general proof here. This would be consistent
with the known diagrammatic representations of loop integrands in theories with sufficient amount
of supersymmetry. We will take this to mean maximal for super-Yang-Mills theory, and at least
half-maximal for supergravity.
Let us review here the expressions for I(2,+)susy constructed in [19]. The moduli-space integrand
I(2,+)sugra for type II supergravity was derived directly from the degeneration of the genus-two correlator
to the bi-nodal sphere, whereas the analogous super-Yang-Mills integrand I(2,+)SYM was inferred from the
double copy and from factorisation requirements. The expressions are
I(2,+)SYM = I(2)susy-kin I(2, /+)SU(Nc) , I(2,+)sugra =
σ1+2−σ2+1−
σ1+1−σ2+2−
I(2)susy-kin I˜(2)susy-kin , (4.2)
where the ‘slash’ prescription in the first equation was discussed in (3.19),12 and the cross-ratio in the
second equation is the one in (3.14). This cross-ratio stems from the degeneration of the genus-two
moduli space to the moduli space of the nodal Riemann sphere. In particular, the non-degenerated
genus-two modular parameter maps to a cross-ratio of the nodal points on the sphere, which is itself
related to the cross-ratio above. We will see in section 4.2 that the cross-ratio prescription and the
‘slash’ prescription are equivalent for supergravity.
Important features of the higher-genus Riemann surface are inherited by the kinematic object
I(2)susy-kin. Due to the GSO projection, the genus-two ambitwistor string amplitude contains a sum over
spin structures, with the relative phases determined by modular invariance and unitarity. This sum is
of course inherited by the expressions on the nodal Riemann sphere. Combinations of certain terms
in this sum have a physical meaning because the spin structures carry the information of what states
are propagating in the loops.13 The integrand is thus most conveniently expressed by making this
manifest,
I(2)susy-kin = INS + IR1 + IR2 + IRR , (4.3)
where the superscripts NS, R1, R2 and RR denote the states propagating in the loops:
state propagating in
loop 1 loop 2
NS NS NS
R1 R NS
R2 NS R
RR R R
11In the residue theorem, α = ±1 emerges from a choice between two valid linear combinations for the last modular
scattering equation which both lead to a localization on the bi-nodal Riemann sphere; u3 = u12 + α(u11 + u22) in [19].
This choice then dictates what cross-ratio ξ(±) appears in the integrand I(2,±)sugra .
12We omit the ‘prime’ here, since this is the only prescription for super-Yang-Mills which admits using only one set of
scattering equations. The analogous prescription in (3.17) would still require contributions from both sets of scattering
equations. This can be understood from colour-kinematics duality, and the need to eliminate the contributions from
diagrams such as the one on the right-hand side of fig 8.
13To be precise, there are 16 spin structures, 10 even and 6 odd. Only the even spin structures are relevant for our
current purposes. In the conventions of [82], the spin structures δ1,2,3,4 correspond to NS states propagating in both
loops, δ5,6 to a Ramond state in loop 1 (R1), δ7,8 to a Ramond state in loop 2 (R2), and δ9,0 to Ramond states in both
loops.
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Here, we take ‘loop 1’ to be the loop containing at least one propagator involving only `1, and similarly
for loop 2. For example, the superscript R1 corresponds to a Ramond state propagating in loop 1, but
an NS state propagating in loop 2. Thus each term in the sum (4.3) contains the contributions from
the specified states propagating in the loops. However, it is not possible to extract the NS sector on
the genus-two Riemann surface, since this would violate modular invariance of the integrand. We will
see later that this is indicative of a larger issue: while each term in (4.3) contains all contributions of
the states to the GSO-sum, each term by itself is not physically meaningful, because it may lack terms
(e.g., involving independent loop momenta) that vanish in the supersymmetric sum. On the bi-nodal
Riemann sphere, where the NS-sector can be extracted, the splitting of the GSO-sum thus requires
much more care.
Let us take a closer look at the individual terms. Due to their common origin in the ambitwistor
string correlator, all terms share the same structure: they are sums over Pfaffians, multiplied by
partition functions ZS, where S ∈ {NS, R1, R2, RR}. In particular,
INSn = 4J
∑
n1,n2∈{0,1}
Z(−n1,−n2)NS Pf (MNS)(n1,n2) , (4.4a)
IR2n = 2J Z(0,0)R2 Pf (MR2)(0,0) + 2J Z(−1,0)R2 Pf (MR2)(1,0) , (4.4b)
IR1n = 2J Z(0,0)R1 Pf (MR1)(0,0) + 2J Z(0,−1)R1 Pf (MR1)(0,1) , (4.4c)
IRRn = J ZRR9 Pf (MRR9) + J ZRR0 Pf (MRR0) . (4.4d)
The common prefactor J is a Jacobian from mapping to the moduli space M0,n+4, and is given
by J = (σ1+2+σ1−2+σ1+2−σ1−2−)
−1
. The concrete form of the partition functions can be found in
the appendix D.2 of [19]. For convenience, we include in our appendix A the explicit coefficients
Z(−n1,−n2)NS , since these are required to build up the contribution from NS states, which we will match
to new formulae from the previous section. We note a few important features. All partition functions
depend only on the nodal points σ1± , σ2± and two auxiliary points x1 and x2, related by
ω1+1−(x1)ω2+2−(x2) = ω1+1−(x2)ω2+2−(x1) . (4.5)
Here, we have used the notation
ωij(σ) =
σij dσ
(σ − σi)(σ − σj) , (4.6)
for meromorphic differentials on the sphere, with simple poles at the marked points σi and σj of residue
±1. As indicated above, x1 and x2 are auxiliary points, and the integrands (4.4) are independent of
the choice of these points, subject to (4.5).14
The superscripts (±n1,±n2) in both the partition functions and the Pfaffians can be thought of
as convenient labels. We refer the interested reader to [19], where their origin from the non-separating
degeneration of the genus-two worldsheet is explained.15
14In the ambitwistor string, x1 and x2 are insertion points of picture changing operators, so their location is a choice
of gauge. The relation (4.5) is a convenient choice simplifying the calculation, and all expressions given here rely on it.
15The labels correspond to coefficients in the Taylor expansion of each object around q1 = q2 = 0, where q1 and
q2 are the degenerated modular parameters. This is the non-separating degeneration leading to the bi-nodal sphere.
Heuristically, we can think of the terms with a (0, 0) superscript as the ‘leading order’ contribution for a given state S,
and terms with n1, n2 6= 0 as correction terms, coming from q/q contributions in the degeneration, where q  1 is the
modular parameter governing the degeneration.
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The Pfaffian. All Pfaffians in (4.4) are defined from the following (2n+ 2)× (2n+ 2) matrices MS;
MS =
(
A −CT
C B
)
, (4.7a)
Ax1x2 = ℘(x1, x2)SS(x1, x2) , Axβ ,j = P (xβ) · kj SS(xβ , σj) , Aij = ki · kj SS(σi, σj) , (4.7b)
Cxβ ,j = P (xβ) · j SS(xβ , σj) , Cij = i · kj SS(σi, σj) , (4.7c)
Cii = −P (σi) · i , Bij = i · j SS(σi, σj) . (4.7d)
Note that these matrices do depend on x1 and x2, and only the full integrands IS are independent of the
auxiliary points (though not manifestly so). The propagators SS(σi, σj) depend on the choice S of spin
structures, and are detailed in the appendix D.1 of [19]. As σi ∼ σj , they behave as SS(σi, σj) ∼ σ−1ij
for any S. For convenience, we include in our appendix A the coefficients of SNS(σi, σj) that will be
required to construct INSn using (4.12b) below.
The one-form P (σ) on the bi-nodal sphere is
Pµ(σ) = `1µ ω1+1−(σ) + `2µ ω2+2−(σ) +
∑
i
ki µ
σ − σi dσ , (4.8)
which we saw previously in (2.34). In the ambitwistor string, P originates as a field in the worldsheet
action. Performing the path integral localises it onto its classical value, given by eq. (4.8). As we saw
in (2.33), the two-loop scattering equations are the conditions that the quadratic differential
P 2(σ)− `21 ω21+1−(σ)− `22 ω22+2−(σ) +
(
`21 + `
2
2
)
ω1+1−(σ)ω2+2−(σ) (4.9)
vanishes everywhere on the Riemann sphere (here again for α = 1).
Finally, the quantity ℘(x1, x2), entering the matrices MS via the component Ax1x2 , is defined as
℘(x1, x2) = −1
2
∑
i,j
ki · kj
c1c2
(
c1ωi∗(x1)− c2ωi∗(x2)
)(
c1ωj∗(x1)− c2ωj∗(x2)
)
. (4.10)
While this superficially depends on the choice of an auxiliary marked point σ∗, it is easily verified that
℘(x1, x2) is independent of σ∗ by using the definition of the coefficients cβ for β = 1, 2,
cβ =
√
(xβ − σ1+)(xβ − σ1−)(xβ − σ2+)(xβ − σ2−)
σ1+1−σ2+2−
1
dxβ
. (4.11)
We are now ready to define the Pfaffian factors in the kinematic integrands IS. Let us in-
troduce indices a,b = 1 . . . 2n + 2, which we use to label σa = (x1, x2, σ1, . . . , σn, σ1, . . . , σn) and
va = (P (x1), P (x2), k1, . . . kn, 1, . . . , n). For any choice of S, the Pfaffians are then be defined as
16
Pf (MS)
(0,0) = Pf
(
MS
)
, n1 = n2 = 0 (4.12a)
Pf (MS)
(n1,n2) =
∑
a<b
S
(n1,n2)
S (σa, σb) va · vb Pf (MS abab) , n1 + n2 > 0 . (4.12b)
The notation Pf (MS
ab
ab) indicates that both the rows and columns a,b have been removed from the
matrix MS.
16In [19], a slightly different definition tailored towards the degeneration of the genus-two worldsheet was presented.
It is easily checked that the two definitions are equivalent.
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Four particles. For four external particles, the sum over spin structures can be performed explicitly
[19], giving the integrands
I(2,+)SYM,n=4 = K Ŷ I(2, /+)SU(Nc) , I
(2,+)
sugra,n=4 =
(KK˜) Ŷ2 σ1+2−σ2+1−
σ1+1−σ2+2−
, (4.13)
that is, I(2)susy-kin,n=4 = K Ŷ. Here, K is a purely kinematic prefactor that can be extracted,
K = tr(F1F2)tr(F3F4)+ tr(F1F3)tr(F2F4)+ tr(F1F4)tr(F2F3) (4.14)
− 4 tr(F1F2F3F4)− 4 tr(F1F3F2F4)− 4 tr(F1F2F4F3) ,
where Fµνi = k
[µ
i 
ν]
i , and similarly K˜ = K(→ ˜). The integrand on the worldsheet then only depends
on the marked points via
Ŷ = JY , Y = s∆14∆23 − t∆12∆34 , (4.15)
where J = (σ1+2+σ1−2+σ1+2−σ1−2−)
−1
is the Jacobian factor defined above, and
∆ij := ω1+1−(σi)ω2+2−(σj)− ω1+1−(σj)ω2+2−(σj) . (4.16)
In the context of the ambitwistor string, the type II supergravity four-point amplitude was first
obtained on the genus-two Riemann surface from the pure spinor formulation in [13], following earlier
results from the (non-minimal) pure spinor superstring [83]. After the degeneration to the bi-nodal
sphere, the genus-two formula agrees with the one discussed here [16].
4.2 A note on the cross-ratio
In this section, we discuss the equivalence of the cross-ratio and ‘slash’ prescriptions in the case of
supergravity. Let us consider eq. (4.2). The claim is that
I(2, /+)susy-kin =
σ1+2−σ2+1−
σ1+1−σ2+2−
I(2)susy-kin . (4.17)
This imposes a constraint on the kinematic numerators arising from I(2)susy-kin.
The four-point check is as follows. Starting from (4.13), we can write17
I(2)susy-kin,n=4 = K Ŷ = −
1
6
∑
γ∈S4+2
N(1+, γ(1, · · · , 4, 2+, 2−) , 1−)
(1+ γ(1, · · · , 4, 2+, 2−) 1−) , (4.18)
using the notation (1 2 · · · n) ≡ σ12σ23 · · ·σn1 for simplicity. Unlike similar expansions of the non-
supersymmetric analogues, this expansion does not rely on the support of scattering equations.
The kinematic numerators are defined in the following way. For each γ considered in the form
γ ≡ {A, 2±, B, 2∓, C} with A, B, C non-overlapping subsets of the external particle labels, the corre-
sponding numerator is defined as
K−1N(1+, A, 2±, B, 2∓, C, 1−) = sB ≡
(∑
i∈B
ki
)2
. (4.19)
17The factor −1/6 is introduced to conveniently match the typical normalisation of the two-loop amplitude. Indeed,
in section 4.3 of [19], in particular eq. (4.17), an overall factor 1/6 was dropped. This factor is also related to the
multiplicity coefficient of the T1a-type diagrams of section 3.3 of the present paper.
– 26 –
Since the external states are on-shell, momentum conservation dictates that the only non-zero numer-
ators will be those for which |B| = 2, so that (4.19) is better expressed as
K−1N(1+, A, 2±, B, 2∓, C, 1−) =
{
sij B = {i, j}
0 otherwise
; i, j ∈ {1, 2, 3, 4}. (4.20)
To see explicitly that (4.17) holds, one may first check that
∑
γ∈S4
N(1+, · · · , 2+, · · · , 2−, · · · , 1−)
(1+ · · · 2+ · · · 2− · · · 1−) =
σ1+2−σ2+1−
σ1+2+σ1−2−
∑
γ∈S4
N(1+, · · · , 2−, · · · , 2+, · · · , 1−)
(1+ · · · 2− · · · 2+ · · · 1−) , (4.21)
with the numerators N defined as in (4.20). The sums run over the permutations of the external
leg labels. Let us denote the left-hand side of (4.21) as S+, the sum of terms containing the relative
ordering (1+ · · · 2+ · · · 2− · · · 1−), and also denote as S− the analogous sum containing only terms with
the relative ordering (1+ · · · 2− · · · , 2+ · · · 1−). Then (4.21) is simply written as
S+ =
σ1+2−σ2+1−
σ1+2+σ1−2−
S−. (4.22)
Now the claim above appears quite clearly, since using (4.22) one obtains
σ1+2−σ2+1−
σ1+1−σ2+2−
I(2)susy-kin,n=4 = −
K
6
σ1+2−σ2+1−
σ1+1−σ2+2−
(S+ + S−) = −K
6
S+ = I(2, /+)susy-kin,n=4 ,
where, in the second equality, we used
σ1+2−σ2+1−
σ1+1−σ2+2−
(
1 +
σ1+2+σ1−2−
σ1+2−σ2+1−
)
= ξ(+) + ξ(−) = 1 . (4.23)
4.3 The NS sector, degenerations and multiplicity
We will now consider the NS sector, and identify the subtlety that is associated with the multiplicity
coefficients in non-supersymmetric theories, from the point of view of the degeneration from genus two
to the bi-nodal sphere.
The decomposition of I(2)susy-kin given in (4.3) suggests that INS corresponds to NS states running
in both loops. From the perspective of the ambitwistor string, we are thus led to the following (naive)
guess for the non-supersymmetric kinematic object:
I(2)A,kin = INS = 4J
∑
n1,n2∈{0,1}
Z(−n1,−n2)NS Pf
(
M
(n1,n2)
NS
)
. (4.24)
Here, we have used the subscript A (from ‘ambitwistor string’) to distinguish this object from I(2,+)kin ,
defined in terms of the double-forward limit in eq. (3.3).
Superficially, the two proposals not only have very different origins, but also take a very different
form. I(2,+)kin contains only the reduced Pfaffian of the 2(n + 4) × 2(n + 4) matrix M , with the state
projector implementing the sum over states running in the loops. On the support of the scattering
equations, it is invariant under different choices of the reference vector q, used to define the projector.
Moreover, it depends explicitly on (`1 + `2)
2, hence the (+) superscript. On the other hand, I(2)A,kin is a
sum over Pfaffians of (2n+2)×(2n+2) matrices with partition functions as coefficients. It is invariant
under different choices of two additional marked points x1,2 on the Riemann sphere, needed in the
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Figure 13: Three types of degeneration of a genus-two surface.
definitions of both the Pfaffians and the partition functions. Moreover, it only depends explicitly on
the the loop momenta via factors `I · V , where V µ is an external momentum or polarisation vector.
As different as these two objects are, a relation between them is not unprecedented. At one loop,
the ambitwistor string correlator gives rise to a similar sum when reduced to the nodal Riemann
sphere, which can be shown to match exactly the integrand defined from a forward limit, as reviewed
in section 2.2.
While we will not give a full proof here, we have checked numerically for four external particles
that the two expressions agree on the support of the (+) scattering equations,
I(2)A,kin
(+)
= I(2,+)kin . (4.25)
As discussed above, this is a highly non-trivial check due to the structural differences of the two
integrands. Therefore, we expect this equivalence to hold for any number of external particles. This
equivalence supports the interpretation of I(2)susy-kin as arising from a double-forward limit, since that
corresponds precisely to the construction of I(2,+)kin . We expect that the other contributions to I(2)susy-kin
in (4.3) have the same interpretation, if one considers the forward-limit of fermions for the Ramond
states.
If the supersymmetric amplitude has a straightforward double-forward limit interpretation, and
if its NS part does too, then why does this interpretation fail when applied directly to the non-
supersymmetric case, with NS states? We found before that multiplicity coefficients were required
in the latter case, distinguishing the classes of diagrams that do not contribute to supersymmetric
amplitudes.
We argue that this is due to the failure in the absence of supersymmetry of the straightforward
residue derivation depicted in fig. 12. In the supersymmetric case, as described in detail in [19],
the derivation leads from genus two to a bi-nodal sphere, corresponding to the left figure of fig. 13.
However, since the contributions from the individual sectors in (4.3) cannot be isolated on the genus-
two Riemann surface, we cannot expect the residue derivation to hold for each sector individually. In
addition to the terms identified in (4.3), other kinds of degeneration may contribute, which cancel in
the supersymmetric sum. For instance, the center and right figures in fig. 13 are precisely associated
to diagrams of the types T2 and T1b, discussed in section 3.3, which required distinct multiplicity
coefficients with respect to the diagrams of type T1a relevant to the supersymmetric case. We claim
that these extra contributions account for the multiplicity coefficients. They could in principle be
computed directly, via the ‘gluing operator’ of [26], but we will not attempt to do so here, given that
the supersymmetric residue argument of [19] was already very intricate.
Therefore, even though our original reasoning was based on the formalism of the scattering equa-
tions, our final proposal in section 3.4 is expressed only in terms of trivalent tree-like diagrams. We do
not discuss further its scattering-equations counterpart, i.e., the explicit correction to the naive guess
(3.1). To write a valid proposal based on the scattering equations, there would be further subtleties
to deal with, namely those related to the existence of singular solutions to the two-loop scattering
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equations, for which nodal points coincide. These are irrelevant in the supersymmetric case, but in
the non-supersymmetric case their role should be fully understood, as it was at one loop. In contrast
to one-loop, however, it is not clear that their contribution remains finite at two loops, and omitting
them from the measure would lead to discriminant-style poles. While these integrate to zero at one
loop [78], the analogous statement at two loops remains to be investigated.
To conclude this section, let us emphasise again that the simplifications arising in the maximally
supersymmetric case extend to pure half-maximal supergravity. The fact that one of the kinematic
objects is supersymmetric is sufficient. Therefore, we can use (4.1) with
I(2,+)half-sugra =
σ1+2−σ2+1−
σ1+1−σ2+2−
I(2)susy-kin I˜(2)kin . (4.26)
5 Checks on maximal unitarity cuts
As an illustration of our proposal for the two-loop integrand in pure (non-supersymmetric) Yang-Mills
theory, we test our formula on unitarity cuts against a known expression.
We focus on the all-plus helicity configuration at four points. The known expression, originally
obtained in [84], is
A(2)4 (1+, 2+, 3+, 4+) =
g6
4
∑
S4
[
CP1234A
P
1234 + C
NP
12;34A
NP
12;34
]
, (5.1)
with the colour-ordered amplitudes AP and ANP given by
AP1234 = iT
{
sIP4
[
(Ds − 2)(λ21λ22 + λ21λ212 + λ212λ22) + 16((λ1 · λ2)2 − λ21λ22)
]
(s, t)
+ 4(Ds − 2)Ibow-tie4
[
(λ21 + λ
2
2)(λ1 · λ2)
]
(s) (5.2)
+
(Ds − 2)2
s
Ibow-tie4
[
λ21λ
2
2((`1 + `2)
2 + s)
]
(s, t)
}
,
ANP12;34 = iT sINP4
[
(Ds − 2)(λ21λ22 + λ21λ212 + λ212λ22) + 16((λ1 · λ2)2 − λ21λ22)
]
(s, t) , (5.3)
where IP4 [R] is a planar double-box with numerator R, and likewise I
NP
4 denotes a non-planar double-
box, and Ibow-tie4 a ‘bow-tie’, as in fig. 10 but excluding the 1/s propagator. Eq. (5.1) also includes
the corresponding colour factors. The external kinematics are treated as being four-dimensional, such
that the kinematical prefactor T is defined in terms of the four-dimensional spinor-helicity formalism
as
T = [12][34]〈12〉〈34〉 . (5.4)
The loop momenta are treated as being in general D-dimensional, so that the loop momentum `I has
the (D − 4)-dimensional part λI .
In order to compare this well-known result to our proposal, one may think that we should translate
it into the same loop-integrand representation, which for us includes propagators that are not quadratic
in the loop momenta, as in (3.29). There will be many more terms in the loop integrand. However,
if we consider unitarity cuts where both loop momenta are cut, then the propagators match in the
two representations, since `2I = 0. The contributions to such unitarity cuts should therefore match
directly.
For simplicity, we will consider maximal unitarity cuts. We will do this in two cases each for planar
and non-planar double-box diagrams. Each case will correspond to a distinct trivalent tree-level-like
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Figure 14: Tree-level-like diagram contributing to a planar double-box. Jacobi relations are used
twice to derive the kinematic numerator from the numerators of (half-ladder) master diagrams of the
type in fig. 7.
Figure 15: Another contribution to a planar double-box, here with a different placement of the loop
momenta. In this example, we have a master diagram.
diagram in our proposal. Its kinematic numerator is constructed from (3.22), considering first the
master numerators to be of the type in fig. 7, and then obtaining the numerator relevant to the cut via
Jacobi relations. Since a single trivalent diagram will be considered, we will suppress the multiplicity
factor.
The two examples of maximal cuts of the planar double-box are shown in figures 14 and 15.
Figure 14 corresponds to the following term in the integrand,
N (2)(1+, 2 , [3 , 2+], [2−, 4 ], 1 , 1−)
`21`
2
2(`1 + `2 + k23)
2(−2`1 · k1)(2`1 · k2)(−2`2 · k4)(2`2 · k3) , (5.5)
where we have used the shorthand notation kij ≡ ki + kj , and defined
N (2)( · · · , [i, j], · · · ) ≡ N (2)( · · · , i , j , · · · )−N (2)( · · · , j , i , · · · ) , (5.6)
which conveniently expresses the Jacobi relations. Note that placing the propagators on-shell gives
the same conditions as the maximal cuts for the corresponding Feynman diagram with quadratic
propagators:
`21 = (`1 + k2)
2 = (`1 − k1)2 = `22 = (`2 + k3)2 = (`2 − k4)2 = (`1 + `2 + k23)2 = 0. (5.7)
We then match – on the solutions of the maximal cut (5.7) – the numerator of (5.5) with the numerator
of the known result
iT s [(Ds − 2)(λ21λ22 + λ21λ212 + λ212λ22) + 16((λ1 · λ2)2 − λ21λ22)] (5.8)
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Figure 16: Contribution to a non-planar double-box, and corresponding relation master diagrams.
Figure 17: Another contribution to a non-planar double-box.
up to a normalisation numerical factor.18
Another maximal cut example for the planar double-box is represented in figure 15, which corre-
sponds to the following term in the integrand,
N (2)(1+, 2 , 2+, 3 , 4 , 2−, 1 , 1−)
`21`
2
2(−2`1 · k1)(2`1 · k2)(`1 + `2 + k2)2(`1 + `2 + k23)2(`1 + `2 − k1)2
. (5.9)
On the corresponding maximal cut conditions,
`21 = (`1 + k2)
2 = (`1 − k1)2 = `22 = (`1 + `2 + k2)2 = (`1 + `2 + k23)2 = (`1 + `2 − k1)2 = 0. (5.10)
the numerator obtained with our proposal matches that of the known result (5.8).
Now we repeat the procedure with another two cases, this time corresponding to the non-planar
double-box. These cases are shown in figures 16 and 17. Figure 16 corresponds to the tree-level-like
diagram with numerator
N (2)(1+, [2 , 2+], 4 , 4 , 2−, 1−) ≡ N (2)(1+, 1 , 2 , 2+, 4 , 3 , 2−, 1−)−N(1+, 1 , 2+, 2 , 4 , 3 , 2−, 1−) , (5.11)
which, to match with the known result, we evaluate on the corresponding maximal cut solutions:
`21 = (`1 + k1)
2 = `22 = (`2 + k2)
2 = (`1 + `2 + k12)
2 = (`1 + `2 − k3)2 = (`1 + `2)2 = 0. (5.12)
18There is a normalisation convention factor of i/8 between the formulas. The factor of 1/8 can be assigned to
explicitly considering the symmetries `1 ↔ −`1, `2 ↔ −`2 and `1 ↔ `2 in our proposal.
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Similarly, we consider the case in figure 17, where the numerator is
N (2)(1+, [3 , 2+], 2 , [2−, 4 ], 1 , 1−) ≡ +N (2)(1+, 3 , 2+, 2 , 2−, 4 , 1 , 1−)−N (2)(1+, 2+, 3 , 2 , 2−, 4 , 1 , 1−)
−N (2)(1+, 3 , 2+, 2 , 4 , 2−, 1 , 1−) +N (2)(1+, 2+, 3 , 2 , 4 , 2−, 1 , 1−)
(5.13)
and the maximal cut conditions are
`21 = `
2
2 = (`2 + k3)
2 = (`1 + `2 + k3)
2 = (`1 + `2 + k23)
2 = (`1 − k1)2 = (`2 − k4)2 = 0. (5.14)
In each of these cases, the numerators match on the maximal cuts the known result, also given by
(5.8).
6 Conclusion
We have presented a construction of two-loop integrands in Yang-Mills theory and gravity based on
a double-forward limit of tree-level trivalent diagrams. In this construction, a two-loop version of the
colour-kinematics duality follows directly from tree level.
Our work relies on a particular type of loop-integrand representation, which includes non-Feynman
propagators. A major open question is how to translate our results into a standard representation,
with only Feynman propagators (whereas translating from the latter representation to the former
is straightforward, e.g., using partial fractions and shifts in the loop momenta). Solving this open
question could provide a new Feynman-type colour-kinematics prescription at loop level, less restrictive
than the original BCJ conjecture [33].
We said nothing about loop integration, and yet this is the most glaring open question given the
unorthodox type of loop-integrand representation we use, and also given the remarkable recent progress
in obtaining analytic results for two-loop amplitudes, e.g., [85]. With our current understanding, the
direct route of integrating our expressions as they stand seems too hard, given the number of terms
involved and, more generally, the fact that integration techniques have been developed for decades
with a Feynman-type representation in mind. Even the i-prescription will differ for our type of
representation, as discussed in [24]. We can see two options. One is to use our representation to
construct the amplitude with unitarity methods. Indeed, given double (or higher) cuts of both loop
momenta, the number of contributing terms will be the same as in a Feynman-type representation.
The large number of terms is precisely spelling out the cuts. The other option is, of course, to modify
our formulae so that they are written in a Feynman-type representation. We hope to report on the
latter route in the near future.
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A Two-loop partition functions and propagators on the Riemann sphere
Below, we list all two-loop partition functions and propagators obtained from even spin structures. All
formulas are given on the bi-nodal Riemann sphere. A derivation using the non-separating degeneration
of genus-two spin structures can be found in [19].
To keep the formulae readable, it will be useful to define the cross-ratio
q3 =
σ1+2+σ1−2−
σ1+2−σ1−2+
, (A.1)
which appears naturally in the double non-separating degeneration from the genus-two Riemann sur-
face as the last modular parameter. Moreover, we will use several other cross-ratios, v±1,2 and v
±±,
depending on the nodes σ1± , σ2± and the marked points x1,2, which we will define as needed.
We note that all expressions given below simplify considerably when using a convenient gauge
choice for the auxiliary marked points x1 and x2. In particular, a nice form of the amplitude can be
obtained from x1 = σ1+ , which automatically implies x2 = σ1− by the identity (4.5). This gauging
can be performed most easily by using the parametrization
x1 = σ1+ + ε
σ1+2+σ1+2−
σ2+2−
, x2 = σ1− − ε σ1
−2+σ1−2−
σ2+2−
, (A.2)
and then taking ε → 0 in the amplitudes. While this may prove to be a useful tool for working with
the two-loop integrand obtained from the ambitwistor string, e.g. in the context of factorization, we
will not need this gauge choice here, and present the following formulas for any choice of x1.
A.1 Two-loop partition functions
The NS partition functions entering in the kinematic integrand I(2)susy−kin are defined as
Z(−1,−1)NS =
√
dx1dx2
x1 − x2
q−23
ω1+1−(x1)ω1+1−(x2)ω2+2−(x1)ω2+2−(x2)
, (A.3a)
Z(−1,0)NS =
√
dx1dx2
x1 − x2
q−13
ω1+1−(x1)ω1+1−(x2)
Z
(−1,0)
8 , (A.3b)
Z(0,−1)NS =
√
dx1dx2
x1 − x2
q−13
ω2+2−(x1)ω2+2−(x2)
Z
(0,−1)
8 , (A.3c)
Z(0,0)NS = 10 q3
(
1 + 3q3 + q
2
3
)Z(−1,−1)NS + √dx1dx2x1 − x2
(
2Z
(−1,0)
3 Z
(0,−1)
3 − Z(0,0)
)
, (A.3d)
where the factors of Z
(−1,0)
a , Z
(0,−1)
a and Z(0,0) are given by
Z(−1,0)a =
a
ω2+2−(x1)ω2+2−(x2)
−
(
(x1 − σ2+)(x2 − σ2+)σ2−1+σ2−1− −
(
σ2+ ↔ σ2−
))2
σ22+2−σ1+2+σ1+2−σ1−2+σ1−2− dx1dx2
,
Z(0,−1)a =
a
ω1+1−(x1)ω1+1−(x2)
−
(
(x1 − σ1+)(x2 − σ1+)σ1−2+σ1−2− −
(
σ1+ ↔ σ1−
))2
σ21+1−σ1+2+σ1+2−σ1−2+σ1−2− dx1dx2
,
Z(0,0) =
(∏
a=1+,2+
(
(x1 − σa)(x2 − σa)σ21−2−
)2
+ perm(nodes)
)
σ21+1−σ
2
1+1− σ1+2+σ1+2−σ1−2+σ1−2− dx
2
1dx
2
2
.
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Here, perm(nodes) denotes the following permutations of the nodal points: perm(nodes) =
(
σ1+ ↔
σ1−
)
+
(
σ2+ ↔ σ2−
)
+
(
σ1+ ↔ σ1− , σ2+ ↔ σ2−
)
. The form degree in the auxiliary insertion points xβ
cancels out in the final amplitudes formulae. To see this, note that all partition functions carry form
degree −3/2 in xβ , whereas the Pfaffians contribute a form degree of +3/2 in each xβ , coming either
from Ax1x2 = ℘(x1, x2)SS(x1, x2) or the product Mx1iMx2j ∼ SS(x1, σi)SS(x2, σj).
A.2 Two-loop propagators
The two-loop NS propagators are defined as
SNS(z, w) =
√
dz dw
z − w , , (A.4a)
S
(1,0)
NS (z, w) = q3
σ21+1− (z − w)
√
dz dw
(z − σ1+)(z − σ1−)(w − σ1+)(w − σ1−)
, (A.4b)
S
(0,1)
NS (z, w) = q3
σ22+2− (z − w)
√
dz dw
(z − σ2+)(z − σ2−)(w − σ2+)(w − σ2−)
, (A.4c)
S
(1,1)
NS (z, w) = q
2
3 S
(1,0)
NS (z, w)S
(0,1)
NS (z, w)
(
(z − σ1+)(w − σ2+)σ1−2− + (z − σ2−)(w − σ1−)σ1+2+
)2
σ1+2+σ1−2−σ1+2−σ1−2+(z − w)
√
dz dw
.
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